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We perform a detailed calculation of the hadronic contributions to the running electromagnetic caupling
defined on theZ particle (91 GeV). We find for the hadronic contribution, including radiative corrections,
10°X Apagr(M2) = 2740+ 12, or, excluding the top quark contribution,>0A ,,2®(M2) = 2747+ 12. Add-
ing the pure QED corrections, we get a value for the running electromagnetic couplirzngE@(Mi)
=1/(128.965-0.017).
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I. INTRODUCTION X te [ R(S)
—1I tE—eZHhat=——f S——,
(V) entt) 37 Jammy  S(S—1)

In a recent papelrl] [de Trocmiz and Ynduran (TY-1)], (1.23
we have evaluated the hadronic contributions to the anoma-
lous magnetic moment of the muon; specifically, a very prewith
cise determination of the piece involving the photon vacuum
polarization function was given there. With a simple change R(s)=
of integration kernel(see below, this analysis can be ex- o%ete —utu";s)’
tended to evaluate the hadronic contribution to the QED run- 5
ning coupling,agep(t), in particular fort=M3, an impor- (et e —utuis)= dma
tant quantity that enters into precision evaluations of ’ 3s '
electroweak observables. We will find that we can produce a . . .
substantial improvement over previous determinations due tgnd the integral in Eq(1.23 has to be understood as a prin-

our use of complete and correct analyticity and unitaay cipal part integral. This is_similar to the B_rodsky—de Rafael
properties(at low energy, and the high quality of recent expression for the hadronic vacuum polarizaforv.p) con-
Novosibirsk, LEP, and Beijing data. tribution to the muon magnetic moment anomaly,

The running coupling constant may be written as

o(e"e” —hadronss)

(1.2b

a(h.v.p)= Jm ds K(s)R(s),
2 Am(2/r)

o e“l4m ~
agep(t) = ———, [(1)=e’lLft), (1.1 o2
1+11(t) K(s)= —szsk(s),

wheree s the electron charge afddl(t) is the one-particle-

irreducible(1Pl) vacuum polarization function, renormalized R(s)= fldx x*(1-x)
att=0. To lowest order we can write the shift inas 0 x2+(1—x)s/mi'
_ e? 5 Therefore, we can carry over all the work from TY-I with the
aQED(t):{1+Aa(t)}E! Aa(t): —€ Hren(t) simp]e rep|acement
In fact, we will evaluatdl (t) including the first radiative K(s)—— t_a 1 .
corrections, so the full Eq.1.1) has to be used to find the 3 s(s—t)
effective coupling. However, we will follow current usage . .
. ) Ping . A ovrhad g For the coupling at th& we will taket=M§. Because of
and will write, for the hadronic contributiond,=e?Il &, this similarity with theg—2 calculation, we will dispense
N ot had with many discussions or details; they may be found in TY-I.
Apagr=— 1= —ell g, Indeed, the present paper should be considered as a sequel to

the former one.
After the corresponding evaluations, we find, to next to
leading order ing,

or, distinguishing between lowest ordéndex O and next
order(index 1),

A= —T117 = — 75, 1P X Ape(M2) = — 10X [[TO(M2) + [TV (M2) ]

A%@E_ﬁﬁl):_ezl—[hadl). =2740+12, 1.3

ren

. . . . . . . or, excluding the top quark contribution,
By using a dispersion relation, one can write this hadronic 9 Pa

contribution at energy squaredil,(t), as 10°X Apagr® (M) = 2747+ 12 (without ). (1.4)
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Adding the known pure QED corrections, the running QED F.(s)=G(s)J(s). (2.3a
coupling in the momentum scheme is
HereJ is expressed in terms of tHewave 77 phase shift,

— 2 5t as
@qenlM2) = 1387965 0.017 (1.5

[1-oX(sg)m]sg /s -1
1 S 1 S
J(S) :elﬁl(so)/ﬂ'( 1— _) ( _ _)

Il. CONTRIBUTIONS TO THE LOWEST ORDER —II1{? So S
IN THE ENERGY RANGE FROM THRESHOLD TO 2 GeV ? 51( )
S (so (s
i < xXexp — ds'—————. 2.3b
A. The region s<1.2 Ge\? P{ﬂ_ Lmi S(s —s)] (2.3b

To zero order in the electromagnetic interactions, we can

write —11{?) as a sum of contributions of different interme- So is the energy at which inelasticity starts becoming impor-
diate states in various energy slices. We start with the 2 tant(in practice, above the percent lexelve will take s,
states fors<1.2 Ge\. We will subdivide this in turn into  =1.1 GeV? in actual calculations.

two pieces: from threshold, 2, to 0.8 GeV, and the The exponential factor
higher-energy piece.
1. The region below 0.8 Ge/ expl Lm ,s (s’ —S)]

We can expresB(?) in terms of the pion form factof . : _ .
in Eq. (2.3b guarantees that the phase X&) is equal to

2\ 32 ) 81(s) for s<sy, hence also to the phase Bf.. The rest is
O(s)=7 (1_ s ) [FA(s)[%, (2.1 included so thafl is smooth as=s,, and has the behavior
|[J(s)|~1/s at large energies.
where bym,. we understand the charged pion mass. We can Because of this equality of the phase &fs) and the
also relater , to the decayr* — v, 7" 7. Consider the cor- Phase of~(s) belows= So, it follows thatG(s) will be an
relator analytic function also for mﬂ< s<s§y, and thus in the whole
s plane except in a cut frorm=sy to +. If we now make
the conformal transformation

1Vso— V/so—s
=(= PG+ PLPITTY(8) + PP, IT¥(s), 7= (2.49
2\so+ Vso—s

2

Iy ,=i f d*x €PX(0|TV,; (x)V,(0)[0)

s=p?, (2.2a
then, as a function of, G will be analytic in the unit disk
with V,, the weak vector current. Then neglecting isospinand we can thus write a convergent Taylor series for it. In-
breaking(except for the phase-space fagtave have at low corporating the conditionG(0)=1, which follows from

S F .(0)=1, and undoing the transformation, we have

3\so— Vso—s L1
#VsotVsp—s 3
2

( 3Vso— \/SO_S> 1

ot Vso=s|

where cq,C,,... arefree parameters. Actually, only two
terms will be necessary to fit the data.

Next, to obtainJ, and hencd- ., we need a parametriza-

tion of 51(3) We can use the well-known effective range
theory to write

(m_+—m,o)?
s

27) 3/2
x{l— (m_,++m_o) H |F,n_(

S

1
= A _
vi(s)=27ImII —12[[1 G(s)=1+c;

(2.2b

+c, +-, (2.4b

and, on the other hand; may be obtained from the experi-
mental measurements of the decdy—v, 7" #°.

To obtainF _(s), we will fit the recent Novosibirsk data
[3] onete —=x" 7~ and ther decay data of Aleph and
Opal[3]. We will take into account, at least partially, isospin
breaklng effects by allowing different masses and widths for,
the p°,p* resonances. Moreover, and to get a good grip in

the low-energy region where data are nonexistent or very 12 s—am
poor, we also fit- .(s) at spacelikes[3]. This is possible in 2 _ m
cotdy(s)= i@ (Mp=s)¥(s), kK > (29

our approach because we use an expressioR fdhat takes
fully into account its analyticity propertid®]. To be precise,
we use that the phase Bf_(s) is equal to that ofrm scat- Where we have extracted the zero corresponding topthe
tering, in the elastic region, and then the Ommne resonance. Now the effective range functip(s) is analytic
Muskhelishvili method. We write in the full s plane except for a cut fdr—«,0] and the inelas-
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tic cut[sg, +o0]. We can profit from this analyticity by mak- We havenot included in this fit the experimentatr
ing again a conformal transformation into the unit circle, phase shiftgexcept for the scattering lengthas they are
which is now given by known to suffer from uncertainties associated with the
method of extractionzrr scattering cannot be measured di-
Js— VSp—S rectly. However, we have checked that adding them would
W= m- (2.6) not alter substantially our fit or parameters. Details of this,

and other aspects of the calculation, may be found in TY-I,
where also the results of separate fitsetoee™ and 7 decay
data are presented.

With the above parametrization &, we can evaluate
Js— Vso—s H immediately the corresponding contribution b We find,

=t with self-explanatory notation,
Vs+sg—s P y
2.7

We can therefore expan}zl in a convergent seriésf powers
of w. Undoing the transformation, we then have

1/2

52(s)=arc co{ ﬁg(mﬁ— s)| bg+b;

— 1P XTIV (M3;277;5<0.8 Ge\F) =307.6+ 2.2+ 2.9,

We note thaby=const,b;~,=0 would correspond to a pure (2.11a
Breit-Wigner shape for the. By allowing for more terms in

the expansion, we are taking into account the known distorThe first error is statistical; the second is a combination of
tions of the Breit-Wigner shape due to the influence of thesystematic(taking into account the correlations among the
left and the inelastic cuts of. For the actual fits, onlp,,  Vvarious sets of experimental datand theoretical errors.

bl! andm. are needed as parameters_ Equatlon(lea includes the(smalb effect of w-p miXing,
The vafues of the parameters are obtained by fitting ex€valuated with the standard Gounnaris-Sakurai method as in

perimental data oe*e —="#7 ", data ont"—v, 7 70  TY-L _ o S o
decay, and data of ,(s) at spacelikes (Ref.[3]). We also Errors included in this work are divided into statistical
include in the fit the value of therm P-wave scattering @nd systematic. Evaluation of the statistical errors is stan-
length, which we constrain at dard: the fit proceduréusing the progranMINUIT) provides
the full error (correlation matrix at they? minimum. This
ar=(38+3)x10 °m_?3, (2.8  matrix is used when calculating the corresponding integral

. ithr . | I ith for ﬁ, therefore incorporating automatically all the correla-
consistent withmmr scattering results as well as with current o among the various fit parameters.

a_\lgebra calculations. For the free parameters of our fit we | addition, for every energy region, we have considered
find the errors that stem from experimental systematics, as well as
¢;=0.23+0.02, c,=—0.15-0.03, by=1.062+0.005, those originating from deficienqies of the theoretical gnaly—
sis. The experimental systematics covers the errors given by
b;=0.25+0.04, m,o=772.6+0.5 MeV. 2.9 the individual experiments_included in the_fits. Also, when
conflicting sets of data exist, the calculation has been re-
We also find, as a byproduct of our fit, th8 width as well ~ Peated, and the given systematic error bar enlarged to en-
as the mass and the width of tpé, the P-wave scattering Ccompass all the possibilities. In general, erf@ensidered as
length, and the mean-square radius and second coefficiedficorrelategihave been added in quadrature. The exceptions
associated with the form factor of the pion: are explicitly discussed in the text.

I jo=147.40.8, ai= (41+=2) X 10’3m;3, 2. The #rm contribution in the region 0.8ss<1.2 Ge\f

For the contribution in the region 0&<1.2 GeV, we

2y — 4
(r7)=0.435£0.002 fm, c,=3.60+0.03 GeV", integrate numerically the experimental dédd and get

(2.103

and — 1P 1{?9(M%;27;0.8<s<1.2 Ge\?) = 27.3+ 0.3+ 0.5.
(2.11b
m,+=773.8:0.6 MeV, T ,+=147.3-0.9 MeV.

(2.100  with the above result,

The x?/d.o.f. (degree of freedoinof the fit is 246/204 with = (0)n2 5
only statistical errors, but improves to 214/204 when experi- —1°XIIY(MZ;2m;4m; <s<1.2 GeV)=334.9-4.1,
mental systematic errors are included. (2.12

. . . . 2 —
Ut is to be noted that this series, as well as that in termg of -/f we had used data o&'e", but not onr decay, we would have

above, are quickly convergent in the region of interest for us herepPtained a slightly smaller number and a larger error:10°
which is mapped in segments contained #0.57,0.24 inside the ><H§f”(M§;27r;5< 0.8 GeV) =306.5+4.0+4.3. We will take Eq.
unit circles; see TY-I for details. (2.113 to be our best result here.
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where both systematic errofielated to the same normaliza- _ 105><1:[(°)(M2'477'5$1 2 GeV®)=2.6+0.7
tion uncertainty have been added coherently. h Az ' T '(2 15

3. The 3m, 2K, and other contributions in the region
s=<1.2 GeV Finally, 5m,6m,nmm, ... states contribute (0:0.2)

For the 3r contribution, we fit experimental daf4] with X 1072 in this region. If we add all the contributions with
Breit-Wigner formulas(including the correct threshold be- S<1.2 GeV, we find
havion for the w,¢ resonances, plus a constant. We have two
sets of experimental data; the difference between the evalu-
ations with each of them is incorporated into the systematic

error. Thex?/d.o.f. is 63/60. The contribution tH(® is

—1PXI1{9(M%;s<1.2 Ge\®)=418.9+4.6. (2.16

— 1P 1{0(M2;3m;9m2<s=<1.2 Ge\?)=39.5+ 0.3+ 1.5, B. The energy range 1.&s<2 GeV*

(2.13 We have now a numerical evaluation obtained from a fit

. o to inclusivee™e” —hadrons experimental daf8],
The X states are treated in the same manner, fitting si-

multaneouslye*e” —K Kg and e"e” —K*K™ data [4] —10°X [1(0(M2;1.2<s<2 Ge\?)=53.1+5.3,
with the same Breit-Wigner parameters for thg the (2.17)
x2/d.o.f. is 84/82. For details, we refer again to TY-I. We get

—10°xI1{O(M%;2K;s<1.2 Ge\?)=41.6£ 0.2+ 1.3.
(2.14

The contribution of 4 states is evaluated by numerical
integration, with the trapezoid rule, of experimental d&h

Ill. THE LOWEST ORDER —II{?’ IN THE ENERGY
RANGE ABOVE 2 GeVZ THE FULL II”(M2)

A. QCD calculations

The systematic error includes tliestimatedl difference be- For the QCD calculation$,we take the following ap-
tween evaluations based on different sets of experimentagiroximation: away from quark thresholds, and fgrmass-
data. This gives the result less quark flavors with charg€®;, we write

2

2 Z Qf 3
2 f Qg
+| —6.64-1.200;—0.005"{—-1.240—F—+ | | —

o3

o o
RO(t)=3>, Q? 1+?S+(1.986—0.115nf)(?S
f

(3.13
|
To this one adds mass and nonperturbative corrections. We 24772 23 a, _
take into account the quark mass effect for quarks with run- —Sz—(l— 7 i) (3.10
ning massm;(s) which correctR(®) by the amount, for each
uark, .
q We neglect the condensates corresponding to heavy quarks
N e (c,b) and express those far,d,sin terms of f2m2, fZmg
_3Qi2m|.2(s) 6+28—S+(294.8— 12,31f)<_5) ]S—l, using the well-known PCAQpartial conservation of axial
™ ™ vector coupling relations. The condensate contributions are

(3.1b  negligible aboves=3 Ge\~.
as] s Equation(3.1b) will be used wherm?<s. In practice, this
—is

will mean that the contribution of the correction of order
mi“/s2 is less than 10°. Near the threshold for heavy quarks
Finally, for the condensates we add cbyt ie., whenvi(s)<1 [with vi(s)=(1—4m?/s)"? the
velocity of the quark we use a nonrelativistitNR) QCD
calculation(see Ref[7] for detail9 in which the contribution

)(0{5(32)2 Q? (3.19  of quarki is

,8Mi()[ 6w 23 (2063
! 24

i as+ 2 +| ———10(3)

2 1 11 ay
3?\7 187

and 3See Ref[6] for the calculations of the various pieces.
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3—v(s)
2 1—e" 7mCrag/v;

7TC|:Z¥S

RM?=3Q7[1+2¢y(s)]

(3.239
93— 10n;)/36+ /2
ag(s)= 1+( f)ﬂ_ vebo as|ag(s),
(3.2b
BOaS S1/2
Co(S)vi:O 47T rl miCFas_l_z’yE .

To this we add the leading nonperturbative correction

2m{aG?)
192miv?

PHYSICAL REVIEW D 65 093002

For thec,b masses, see Refsl0,11]; for the t quark, Ref.
[12].

B. The regions away from quark thresholds

At the lowest-energy region, we find

— 10X II{Y(M%;2<s<3 Ge\A)

=71.1+-0.5A)*0.4Cond); (3.9
the justification of the applicability of QCD in this range is
the agreement, within errors, of the QCD calculation with the
e’e” —hadrons data, and with the more precise data coming
from 7— v_+ hadrons; this may be seen depicted in, e.g., the
plots of the Aleph and Opal data in R¢B8] (more details
may be found in TY-).

Apart from the region Zs<3 Ge\?, we can use the per-

and consider the effective threshold to occur when this overturbative QCD formulag3.1) and (3.3 for the energy re-

comes the contributiof3.29.
In the intermediate region betweefi<1 andm?<s, we
use the interpolation given by Schwindéi,

3—vZ(s) m  3+v;
Schw_ 22, i !
Ri —3in|(s) 2 (1+CF 30i+ 4
o[ T3 33
2 an) %[ @3

Note, however, that Schwinger’s interpolati@annot be
used forv;—0 as it underestimateg; by a factor of 2.

In the QCD calculations, the error labeled “Cond.” is
found by inserting the variation obtained setting quark and
gluon condensates to zero, and that labeé\day varying the
QCD parameter. Likewise, we labet; to the error obtained
varying the massn; . If an error is not given, it will mean

that it falls below the 10° level.

For the parametel, we take the recent determinations

[9] that correspond to the value
ag(M2)=0.117+0.003;
to be precise, we have takéim MeV, and to four loops
A(s=m?)=373+80, A(mi<s=m?)=283+50,
A(mi<s=m?)=199+30, A(s=m?)=126*20.

For the gluon condensate, we take,G?)=0.07 Ge\}. Fi-
nally, for the running quark masses we take

my(1 GeV)=0.188 GeV, m.(m,)=1.44 GeV,
my(m,)=4.3 GeV, my(m,)=174 GeV,
and, for the pole masses,

m.=1.867+0.20 GeV, m,=5.022+0.060 GeV,

my=174=5 GeV.

gionss=3 Ge\? provided we stay away from heavy quark
thresholds. We will thus get, excluding th&y, ' resonance
contributions(to be discussed belgw

—1PXI1{9(M%:3<5<3.72 Ge\?)=259.1+ 1.5A)
(3.5a

(here the contribution of the error induced by the conden-
sates is already negligibleThen,

—10°X [1{9(M2;4.82<5<10.086 Ge\?)

=421.3-0.8A). (3.5b

We will separate a region aroumd2, because we take the
principal vale of the integral. We have thus

—1PXII(V(M%:11.2<s<20? Ge\’)=352.2+0.9,

—1PXIT1{P(M2;20%<s<(M,—3 GeV)?)=1668.9-0.9,

i (3.50
—10PXII{P(M3;(M;—3 GeV)’<=s<(M,+3 GeV)?)

=29.2+0.5,

—1PX IO (M2;(M,+3 GeV)2<s<348 Ge\?)
— —794.5-0.7.

All the errors are due to the variation of the parameter
Finally,

—10°X I[P (M%;36(P<s<400 Ge\?)=—4.7+0.3,

X (3.50
—1PXITIV(M2;40F Ge\P<s—ox)=—20.8+0.1.

In particular, the total top quark contribution above threshold
(3607 GeVP<s—x) is —6.5.

We note that part of the ranges contain some of the nar-
row resonances$y, Y, and T families). We will add their
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contributions individually later on. For the whole perturba-then it is considered as a bound state, and treated in the
tive QCD contributions, we have, adding E®.4) to Eq.  NWA. Above cc threshold, one uses nonrelativistic QCD.

(3.5, For our choice ot quark mass, botti/s and /' should be
R considered to be below threshold.
— 10X II{Y(M2;2 Ge\P<s;pQCD)=1982+7. The reasonable agreement, within errors, between the

(3.6)  (QCD-+NRQCD) result for thecc contributions in the re-
gion 3.7<s=<4.6° Ge\?, 10 °x(139+13), and the result
obtained using experimental data only, 26 (112+6),
gives one confidence to use the same theoretical method of
calculation for the other thresholds where the quality of the
C. The threshold regions experimental data is poorer, or these data are lacking. How-
We will make two types of calculations. In the first, we €ever, for thecc region we consider that the results based on

take experimental datavhen possible, i.e., at tie andbb ~ €XPerimental data are the best and thus write
thresholdg, in the second, we take the contribution of the ~(0)/xp2. 5 2

resonances lying below threshold from experiment, plus a  — 1°XII(MZ;3.P<s<4.6" GeV?)=205-7.
background given by the contribution of the light quarks 3.7
(evaluated with perturbative QCD, as abpaed use nonrel- _

ativistic QCD to evaluate the contribution of the quarks 2. bb: Y,Y' and the continuum 10.088<s<11.27 Ge\?

Note that we have added the errdisearly as they stem
from the same variation in the QCD parameter

whose threshold we are crossing. Of course, for the For the region around theb threshold, we can repeat the
threshold this is all we have. calculations as above. First, we add the contribution of the
1.cc:. Iy and the continuum 3.7<s<4.6* Ge\? Lle\fvc’)a\rfances below theb threshold that we calculate in the
We split this into the contribution of thé/, ¢’ that we '
calculate in the narrow width approximatiONWA), and the 10 °%(5.8+0.2 (Y),

rest. For the first, we have

105X (2.1x0.1) (Y").
1075 (69.9+4.5) (J/4), x( ) (Y1)

For the continuum we find, for b quark pole mass df10]

107°X(23.6+2.1) (¢'). m,=5.022+0.060 GeV,
For the remainder we have two possibilities: use a 105X [57.9+0.1(A)] (udso
NRQCD calculationsee below for the heavy quark, which '
gives (QCD;10.086<s<11.2 Ge\?),

10 °%[73.2£0.3 A)] (uds), s _
10 °X[8.7=0.6(my)] (bb) NRQCD,
(QCD;3.7<s<4.6" Ge\?),
Sum: 10°X(66.6+0.6).
10 °%x[66+13m,)] (cc) (NRQCD), B
If we had estimated théb contribution saturating with
Sum: 10°X(139+13), the resonance¥”,...,Y", with electronic widths as given in
) 5 Ref. [14], we would have gotten 5:21.2 instead of the
Total: 1q X(233+14) (QCDJFNRQCD)' & a2 value 8.7 0.6 that we found with the NRQCD calculation.
Otherwise, we use experimental data above &2V™ We choose this last as our preferred value and thus write

105X (111.8+0.6+5.5) (Exp.,BES: .
—10PXII1{Y(M2;10.086<s<11.2 Ge\?)=75*1,

3.2<s<4.6*> Ge\?, (3.9
. 5 _
Total: 10 °x(205.3-7.4) (Exp., BES . . 3. tt threshold: T bound states and the continuum
NRQCD refers to the nonrelativistic QCD calculation 34@<s<36(F Ge\2
with Eq. (3.2); see TY-l and Ref[7] for details of this type . o
of calculation. BES are the experimental data from RE3]. The bound states produce a negligible contribution; for

The first error for them is statistical, the second systematicthe ground state, a second-order QCD calculgtibhgives

We give a few more details on the calculation with I'(T—e"e)=12.5-1.5keV and thus the contribution to
NRQCD, as it is the model for the other threshold regions.— 10°x Hﬁo) is of —0.11. For the threshold region, a
The method (QCB NRQCD) consists in separating the  NRQCD calculation gives, for the quark contribution,
d, scontribution; thecc one is then treated as follows. If a —0.47, while theudscbone is—1.41.(Note that in this cal-
resonance is below the channel for open charm productiorgulation we are neglecting electroweak interactions, so we
which is set as=4m? (with ¢ the pole mass of thequark, treat thet quark as if it were stablgAll together, we find
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TABLE |. Summary of contributions ta o= —f[h. BW+ const denotes a Breit-Wigner fit, including
the correct phase-space factors, plus a constant; note that only for the four narrow resdhantey”, Y’
do we use the NWA. The errors are uncorrelated except those for QCD calculdtiahbave to be added
linearly) and those for the 2 states(see text. For details of the final-statg+ hadrons, we refer the reader

to TY-I.
Contribution to
Channel Energy range Method of calculation —10°X Apx
atm $<0.8 GeV Fit to e*e™ + 7+ spacelike data 307:63.6
ot 0.8<s<1.2 GeV Fitto ete™ data 27.30.6
3 s<1.2 GeV BW+ const fit toe*e™ data 39.515
2K s<1.2 GeV BW+ const fit toe* e~ data 41.61.3
47,5, T, s<1.2 GeV? Fitto e"e™ data 2.90.7
Inclusive 1.2<s<2 GeV? Fit to e"e™ data 53.15.3
Inclusive, uds 2<s<3.72 Ge\? Perturbative QCD 33022.4
Iy NWA 93.5+5.0
Inclusive 3.7<s<4.6 Ge\? Fit to e"e™ data 111.85.5
Inclusive, udsc 4.6#<s<10.086 Ge\? Perturbative QCD 421:0.8
Y)Y’ NWA 7.9x0.2
b quark thresh. 10.086<s<11.7 Ge\? Pert+ nonrelativistic QCD 66.60.6
Incl., udsch(t)  11.2<s<w (exceptt thresh) Perturbative QCD 1230:83.4
t quark thresh. 348<5<360 GeV? Pert+ nonrelativistic QCD —-2.0+0.1
v+ hadrons Full range Various methods 86.9
—10°xI1{O(M%;t thresh)=—2. (3.9 S o
f
T 3a
The error is negligible. > Q7 477

The total contribution of the threshold regions is thus

—10°xI1{O(M%;c,b,t thresh'9=278+7. (3.10

D. The lowest orderI1{¥(M2)

Adding all the contributions td1{®’(M2), we get

18X AQ@(M2) = — 100X IT1{V(M2)=2732+ 12,

(3.11)

or, excluding the top quark contribution,

10°X A5 (M2)=2739+12 (without). (3.12

IV. THE RADIATIVE CORRECTIONS, —ﬁgl) ; THE FULL
o LIS agep(M2)

A —IIY
We have next the contribution of intermediate states con- Adding all of this to Eq.(4.1), we find

taining a photon. At low energys 1.2 GeVf), we evaluate

them individually, and at high energys®1.2 Ge\?) with

the parton model. For the second we have a contribution
equal to the zero-order oriéor which we take the result of

the previous sectigrmultiplied by the factor

f
This gives

—1PXII(M(My;5=1.2 GeW¥)=1.4+0.1, (4.1)

the error depending on what one does in the quark thresh-
olds, especially around the narrow resonances
(I, " Y, Y"). For the low-energy region, we repeat, with
obvious changes, the analysis of TY-I. Only the processes
w "y, wy, and 5y produce effects at the 16 level
(3.4+£0.8, 2.9:0.2, and 0.80.1, respectively, in units of
107%). The first is evaluated in the narrow width approxima-
tion, or with a detailed calculation using theoretical formulas
that relatermy to a7, and taking into account experimental
cuts; the details may be found in TY-I. Both methods give
essentially the same result. The other two are evaluated in
the narrow width approximation, dominated by the

— %y, o— Py, and¢— 77y contributions. In addition, the
low energy 6<0.72 GeV?)n%y is calculated with a phe-
nomenological couplingr®yy, adjusted to reproduce the de-
cay m°— yvy. Again, the details are given in TY-I.

—10PxI1(M(M2%)=8.5+0.9. (4.2)

We summarize our results in Table I.
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B. The full A 4a; the QED coupling on the Z; discussion

Adding then Eq.(4.2) to the lowest-order expression, we

get the final result

10X Apar(M3) = — 16X [TV (M3) + TT{P (M2)]

= 2740+ 10, (4.3
or, excluding the top quark contribution,
10°X Apar P (M2) = 2747+ 12, (4.4

The pure QED corrections amount(see, e.g., Refl5])

(4.9

Adding this to Eq{(4.3) and using Eq(1.1), we get the value
for the running electromagnetic coupling,

— 10X T gep(M2) =3149.7687.

— 2\
@qenM2) = 158 965-0.017 (4.6
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mostly due to a wider use of perturbative QCD. For instance,
the analysis of MOR uses perturbative QCD in the regions
2.8<s<3.72 Ge\? ands=52 Ge\?. We have used pertuba-
tive QCD in the region Zs<3.72 Ge\?, justified in view

of its agreement with the precise new experimental dasa
discussed in the textand the regions above tle andbb
thresholds. Here, the use of the calculations incorporating the
exact effect of the quark masses has enabled us to get a
precise determination for £#&s<52 Ge\?, where the ex-
perimental data are not very precise, tagair are perfectly
consistent with QCD.

In conclusion, we have performed a detailed evaluation of
the hadronic contributions to the running electromagnetic
coupling, obtaining a substantially reduced error bar. The
ingredients are the following: First, we use Novosibirsk
(e*e™) and LEP(7) data to fit the 2- contribution. Invoking
the analyticity and unitarity properties of the pion form fac-
tor allows us to include spacelike data also, improving the
compatibility of thee™ e~ data with the results from decay,
and reducing the corresponding error. Second, the low-

When comparing with other determinations, we will re- energy 3r and XK states have been considered individually,

strict ourselves to those performedter the data from No-

after the latest Novosibirsk data on tleand ¢ resonances.

vosibirsk[3,4] and Beijing[13] have become available; these We perform a full-fledged fit, including the exact threshold
experiments increase the set of data by almost one order &dctors. Third, we have used perturbative QCD in the region
magnitude, and have much better precision than the oldes=2 Ge\? (away from quark thresholiisin particular, the
ones. Thus, one may consider older determinations as supgecent LEPT— v_+hadrons and BE®" e~ —hadrons data
seded. So we compare our results with the determinations ¢fistify the QCD result for Zs<32? GeV?, implying the

Refs.[15,16. We have

2743+19/2765-21 (MOR),
2761+36 (BP),

279040 (J),

10PX Apar®(M3) =

(4.7

In the MOR determination, the two values depend on the

largest part of the error reduction. We also use the Beijing
[13] data, thus gaining precision, for the contribution in the
energy range 37-4.6 Ge\?. Last but not least, the next-
order radiative corrections have been taken into account.
This is essential for our calculation as the radiative contribu-
tion is indeed of the same order of the final error bar.
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