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Calculation of āQED on the Z

J. F. de Troco´niz and F. J. Yndura´in
Departamento de Fı´sica Teo´rica, C-XI, Universidad Auto´noma de Madrid, Canto Blanco, E-28049 Madrid, Spain

~Received 14 August 2001; published 23 April 2002!

We perform a detailed calculation of the hadronic contributions to the running electromagnetic couplingā
defined on theZ particle ~91 GeV!. We find for the hadronic contribution, including radiative corrections,
1053Dhada(MZ

2)52740612, or, excluding the top quark contribution, 1053Dhada
(5)(MZ

2)52747612. Add-
ing the pure QED corrections, we get a value for the running electromagnetic coupling ofāQED(MZ

2)
51/(128.96560.017).

DOI: 10.1103/PhysRevD.65.093002 PACS number~s!: 12.15.Lk
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I. INTRODUCTION

In a recent paper@1# @de Trocóniz and Yndura´in ~TY-I !#,
we have evaluated the hadronic contributions to the ano
lous magnetic moment of the muon; specifically, a very p
cise determination of the piece involving the photon vacu
polarization function was given there. With a simple chan
of integration kernel~see below!, this analysis can be ex
tended to evaluate the hadronic contribution to the QED r
ning coupling,āQED(t), in particular fort5MZ

2, an impor-
tant quantity that enters into precision evaluations
electroweak observables. We will find that we can produc
substantial improvement over previous determinations du
our use of complete and correct analyticity and unitarity@2#
properties~at low energy!, and the high quality of recen
Novosibirsk, LEP, and Beijing data.

The running coupling constant may be written as

āQED~ t !5
e2/4p

11P̂~ t !
, P̂~ t ![e2P ren~ t !, ~1.1!

wheree is the electron charge andP ren(t) is the one-particle-
irreducible~1PI! vacuum polarization function, renormalize
at t50. To lowest order we can write the shift ina as

āQED~ t !5$11Da~ t !%
e2

4p
, Da~ t !52e2P ren~ t !.

In fact, we will evaluateP ren(t) including the first radiative
corrections, so the full Eq.~1.1! has to be used to find th
effective coupling. However, we will follow current usag

and will write, for the hadronic contributionsP̂h[e2P ren
had,

Dhada[2P̂h52e2P ren
had,

or, distinguishing between lowest order~index 0! and next
order ~index 1!,

Dhad
~0!a[2P̂h

~0!52e2P ren
had~0!,

Dhad
~1!a[2P̂h

~1!52e2P ren
had~1!.

By using a dispersion relation, one can write this hadro

contribution at energy squaredt, P̂h(t), as
0556-2821/2002/65~9!/093002~9!/$20.00 65 0930
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2P̂h~ t ![2e2P ren
had~ t !52

ta

3p E
4m~2/p!

`

ds
R~s!

s~s2t !
,

~1.2a!

with

R~s!5
s~e1e2→hadrons;s!

s~0!~e1e2→m1m2;s!
,

s~0!~e1e2→m1m2;s![
4pa2

3s
, ~1.2b!

and the integral in Eq.~1.2a! has to be understood as a pri
cipal part integral. This is similar to the Brodsky–de Rafa
expression for the hadronic vacuum polarization~h.v.p.! con-
tribution to the muon magnetic moment anomaly,

a~h.v.p.!5E
4m~2/p!

`

ds K~s!R~s!,

K~s!5
a2

3p2s
K̂~s!,

K̂~s!5E
0

1

dx
x2~12x!

x21~12x!s/mm
2 .

Therefore, we can carry over all the work from TY-I with th
simple replacement

K~s!→2
ta

3p

1

s~s2t !
.

For the coupling at theZ we will take t5MZ
2. Because of

this similarity with theg22 calculation, we will dispense
with many discussions or details; they may be found in TY
Indeed, the present paper should be considered as a seq
the former one.

After the corresponding evaluations, we find, to next
leading order ina,

1053Dhada~MZ
2!521053@P̂h

~0!~MZ
2!1P̂h

~1!~MZ
2!#

52740612, ~1.3!

or, excluding the top quark contribution,

1053Dhada
~5!~MZ

2!52747612 ~without t!. ~1.4!
©2002 The American Physical Society02-1
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Adding the known pure QED corrections, the running QE
coupling in the momentum scheme is

āQED~MZ
2!5

1

128.96560.017
. ~1.5!

II. CONTRIBUTIONS TO THE LOWEST ORDER ÀP̂h
„0…

IN THE ENERGY RANGE FROM THRESHOLD TO 2 GeV 2

A. The region sÏ1.2 GeV2

To zero order in the electromagnetic interactions, we

write 2P̂h
(0) as a sum of contributions of different interm

diate states in various energy slices. We start with thep
states fors<1.2 GeV2. We will subdivide this in turn into
two pieces: from threshold, 4mp

2 , to 0.8 GeV2, and the
higher-energy piece.

1. The region below 0.8 GeV2

We can expressR(0) in terms of the pion form factor,Fp :

R~0!~s!5
1

4 S 12
4mp

2

s D 3/2

uFp~s!u2, ~2.1!

where bymp we understand the charged pion mass. We
also relateFp to the decayt1→ n̄tp

1p0. Consider the cor-
relator

Pmn
V 5 i E d4x eip•x^0uTVm

1~x!Vn~0!u0&

5~2p2gmn1pmpn!PV~s!1pmpnPS~s!,

s5p2, ~2.2a!

with Vm the weak vector current. Then neglecting isosp
breaking~except for the phase-space factor!, we have at low
s

v1~s![2p Im PV5
1

12H F12
~mp12mp0!2

s G
3F12

~mp11mp0!2

s G J 3/2

uFp~s!u2, ~2.2b!

and, on the other hand,v1 may be obtained from the exper
mental measurements of the decayt1→ n̄tp

1p0.
To obtainFp(s), we will fit the recent Novosibirsk data

@3# on e1e2→p1p2 and thet decay data of Aleph and
Opal @3#. We will take into account, at least partially, isosp
breaking effects by allowing different masses and widths
the r0,r1 resonances. Moreover, and to get a good grip
the low-energy region where data are nonexistent or v
poor, we also fitFp(s) at spacelikes @3#. This is possible in
our approach because we use an expression forFp that takes
fully into account its analyticity properties@2#. To be precise,
we use that the phase ofFp(s) is equal to that ofpp scat-
tering, in the elastic region, and then the Omn`s-
Muskhelishvili method. We write
09300
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Fp~s!5G~s!J~s!. ~2.3a!

HereJ is expressed in terms of theP-wavepp phase shift,
d1

1, as

J~s!5e12d1
1
~s0!/pS 12

s

s0
D @12d1

1
~s0!/p#s0 /sS 12

s

s0
D 21

3expH s

p E
4mp

2

s0
ds8

d1
1~s8!

s8~s82s!J . ~2.3b!

s0 is the energy at which inelasticity starts becoming imp
tant ~in practice, above the percent level!; we will take s0
51.1 GeV2 in actual calculations.

The exponential factor

expH s

p E
4mp

2

s0
ds8

d1
1~s8!

s8~s82s!J
in Eq. ~2.3b! guarantees that the phase ofJ(s) is equal to
d1

1(s) for s<s0 , hence also to the phase ofFp . The rest is
included so thatJ is smooth ats5s0 , and has the behavio
uJ(s)u;1/s at large energies.

Because of this equality of the phase ofJ(s) and the
phase ofFp(s) belows5s0 , it follows thatG(s) will be an
analytic function also for 4mp

2 <s<s0 , and thus in the whole
s plane except in a cut froms5s0 to 1`. If we now make
the conformal transformation

z5

1
2 As02As02s
1
2 As01As02s

, ~2.4a!

then, as a function ofz, G will be analytic in the unit disk
and we can thus write a convergent Taylor series for it.
corporating the conditionG(0)51, which follows from
Fp(0)51, and undoing the transformation, we have

G~s!511c1F 1
2 As02As02s
1
2 As01As02s

1
1

3G
1c2F S 1

2 As02As02s
1
2 As01As02s

D 2

2
1

9G1¯ , ~2.4b!

where c1 ,c2 ,... are free parameters. Actually, only two
terms will be necessary to fit the data.

Next, to obtainJ, and henceFp , we need a parametriza
tion of d1

1(s). We can use the well-known effective rang
theory to write

cotd1
1~s!5

s1/2

2k3 ~mp
22s!ĉ~s!, k5

As24mp
2

2
, ~2.5!

where we have extracted the zero corresponding to thr

resonance. Now the effective range functionĉ(s) is analytic
in the full s plane except for a cut for@2`,0# and the inelas-
2-2
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CALCULATION OF āQED ON THE Z PHYSICAL REVIEW D 65 093002
tic cut @s0 ,1`#. We can profit from this analyticity by mak
ing again a conformal transformation into the unit circ
which is now given by

w5
As2As02s

As1As02s
. ~2.6!

We can therefore expandĉ in a convergent series1 of powers
of w. Undoing the transformation, we then have

d1
2~s!5arc cotH s1/2

2k3 ~mr
22s!Fb01b1

As2As02s

As1As02s
1¯G J .

~2.7!

We note thatb05const,bi>150 would correspond to a pur
Breit-Wigner shape for ther. By allowing for more terms in
the expansion, we are taking into account the known dis
tions of the Breit-Wigner shape due to the influence of
left and the inelastic cuts ofĉ. For the actual fits, onlyb0 ,
b1 , andmr are needed as parameters.

The values of the parameters are obtained by fitting
perimental data one1e2→p1p2, data ont1→ n̄tp

1p0

decay, and data onFp(s) at spacelikes ~Ref. @3#!. We also
include in the fit the value of thepp P-wave scattering
length, which we constrain at

a1
15~3863!31023mp

23, ~2.8!

consistent withpp scattering results as well as with curre
algebra calculations. For the free parameters of our fit
find

c150.2360.02, c2520.1560.03, b051.06260.005,

b150.2560.04, mr05772.660.5 MeV. ~2.9!

We also find, as a byproduct of our fit, ther0 width as well
as the mass and the width of ther1, the P-wave scattering
length, and the mean-square radius and second coeffi
associated with the form factor of the pion:

Gr05147.460.8, a1
15~4162!31023mp

23,

^r p
2 &50.43560.002 fm, cp53.6060.03 GeV24,

~2.10a!

and

mr15773.860.6 MeV, Gr15147.360.9 MeV.
~2.10b!

The x2/d.o.f. ~degree of freedom! of the fit is 246/204 with
only statistical errors, but improves to 214/204 when exp
mental systematic errors are included.

1It is to be noted that this series, as well as that in terms oz
above, are quickly convergent in the region of interest for us h
which is mapped in segments contained in@20.57,0.24# inside the
unit circles; see TY-I for details.
09300
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We havenot included in this fit the experimentalpp
phase shifts~except for the scattering length!, as they are
known to suffer from uncertainties associated with t
method of extraction:pp scattering cannot be measured d
rectly. However, we have checked that adding them wo
not alter substantially our fit or parameters. Details of th
and other aspects of the calculation, may be found in TY
where also the results of separate fits toe1e2 and t decay
data are presented.

With the above parametrization ofFp we can evaluate

immediately the corresponding contribution toP̂. We find,
with self-explanatory notation,

21053P̂h
~0!~MZ

2;2p;s<0.8 GeV2!5307.662.262.9.
~2.11a!

The first error is statistical; the second is a combination
systematic~taking into account the correlations among t
various sets of experimental data! and theoretical errors.2

Equation~2.11a! includes the~small! effect of v-r mixing,
evaluated with the standard Gounnaris-Sakurai method a
TY-I.

Errors included in this work are divided into statistic
and systematic. Evaluation of the statistical errors is st
dard: the fit procedure~using the programMINUIT ! provides
the full error ~correlation! matrix at thex2 minimum. This
matrix is used when calculating the corresponding integ

for P̂, therefore incorporating automatically all the correl
tions among the various fit parameters.

In addition, for every energy region, we have conside
the errors that stem from experimental systematics, as we
those originating from deficiencies of the theoretical ana
sis. The experimental systematics covers the errors give
the individual experiments included in the fits. Also, wh
conflicting sets of data exist, the calculation has been
peated, and the given systematic error bar enlarged to
compass all the possibilities. In general, errors~considered as
uncorrelated! have been added in quadrature. The excepti
are explicitly discussed in the text.

2. The pp contribution in the region 0.8ÏsÏ1.2 GeV2

For the contribution in the region 0.8<s<1.2 GeV2, we
integrate numerically the experimental data@4# and get

21053P̂h
~0!~MZ

2;2p;0.8<s<1.2 GeV2!527.360.360.5.
~2.11b!

With the above result,

21053P̂h
~0!~MZ

2;2p;4mp
2 <s<1.2 GeV2!5334.964.1,

~2.12!

e,

2If we had used data one1e2, but not ont decay, we would have
obtained a slightly smaller number and a larger error:2105

3P̂h
(0)(MZ

2;2p;s<0.8 GeV2)5306.564.064.3. We will take Eq.
~2.11a! to be our best result here.
2-3
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where both systematic errors~related to the same normaliza
tion uncertainty! have been added coherently.

3. The 3p, 2K, and other contributions in the region
sÏ1.2 GeV2

For the 3p contribution, we fit experimental data@4# with
Breit-Wigner formulas~including the correct threshold be
havior! for thev,f resonances, plus a constant. We have t
sets of experimental data; the difference between the ev
ations with each of them is incorporated into the system

error. Thex2/d.o.f. is 63/60. The contribution toP̂h
(0) is

21053P̂h
~0!~MZ

2;3p;9mp
2 <s<1.2 GeV2!539.560.361.5.

~2.13!

The 2K states are treated in the same manner, fitting
multaneouslye1e2→KLKS and e1e2→K1K2 data @4#
with the same Breit-Wigner parameters for thef; the
x2/d.o.f. is 84/82. For details, we refer again to TY-I. We g

21053P̂h
~0!~MZ

2;2K;s<1.2 GeV2!541.660.261.3.
~2.14!

The contribution of 4p states is evaluated by numeric
integration, with the trapezoid rule, of experimental data@5#.
The systematic error includes the~estimated! difference be-
tween evaluations based on different sets of experime
data. This gives the result
W
un
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21053P̂h
~0!~MZ

2;4p;s<1.2 GeV2!52.660.7.
~2.15!

Finally, 5p,6p,hpp, . . . states contribute (0.360.2)
31025 in this region. If we add all the contributions wit
s<1.2 GeV2, we find

21053P̂h
~0!~MZ

2;s<1.2 GeV2!5418.964.6. ~2.16!

B. The energy range 1.2ÏsÏ2 GeV2

We have now a numerical evaluation obtained from a
to inclusivee1e2→hadrons experimental data@5#,

21053P̂h
~0!~MZ

2;1.2<s<2 GeV2!553.165.3.
~2.17!

III. THE LOWEST ORDER ÀP̂h
„0… IN THE ENERGY

RANGE ABOVE 2 GeV2: THE FULL P̂h
„0…

„M Z
2
…

A. QCD calculations

For the QCD calculations,3 we take the following ap-
proximation: away from quark thresholds, and fornf mass-
less quark flavors with chargesQf , we write
R~0!~ t !53(
f

Qf
2H 11

as

p
1~1.98620.115nf !S as

p D 2

1S 26.6421.20nf20.005nf
221.240

S (
f

Qf D 2

3S (
f

Qf
2D D S as

p D 3J .

~3.1a!
arks

l
re

er
s

To this one adds mass and nonperturbative corrections.
take into account the quark mass effect for quarks with r
ning massm̄i(s) which correctR(0) by the amount, for each
quark,

23Qi
2m̄i

2~s!H 6128
as

p
1~294.8212.3nf !S as

p D 2J s21,

~3.1b!

13Qi
2

8m̄i
4~ t !

7 H 2
6p

as
1

23

4
1S 2063

24
210z~3! D as

p J s22.

Finally, for the condensates we add

2p

3s2 S 12
11

18

as

p D ^asG
2&(

f
Qf

2 ~3.1c!

and
e
-

24p2

s2 S 12
23

27

as

p Dmi^c̄ ic i&. ~3.1d!

We neglect the condensates corresponding to heavy qu
~c,b! and express those foru,d,s in terms of f p

2 mp
2 , f K

2 mK
2

using the well-known PCAC~partial conservation of axia
vector coupling! relations. The condensate contributions a
negligible aboves53 GeV2.

Equation~3.1b! will be used whenm̄i
2!s. In practice, this

will mean that the contribution of the correction of ord
m̄i

4/s2 is less than 1025. Near the threshold for heavy quark
c,b,t, i.e., whenv i

2(s)!1 @with v i(s)5(124mi
2/s)1/2 the

velocity of the quark#, we use a nonrelativistic~NR! QCD
calculation~see Ref.@7# for details! in which the contribution
of quark i is

3See Ref.@6# for the calculations of the various pieces.
2-4



e

is
n

s

is
he
ing
the

-

rk

en-

e

old

ar-

CALCULATION OF āQED ON THE Z PHYSICAL REVIEW D 65 093002
Ri
NR53Qi

2@112c0~s!#
32v i

2~s!

2

pCFãs

12e2pCFãs /v i
;

~3.2a!

ãs~s!5F11
~93210nf !/361gEb0/2

p
asGas~s!,

~3.2b!

c0~s! .
v i→0

b0as

4p H ln
s1/2

miCFãs
2122gEJ .

To this we add the leading nonperturbative correction

2
2p^asG

2&
192mi

4v i
6

and consider the effective threshold to occur when this ov
comes the contribution~3.2a!.

In the intermediate region betweenv i
2!1 andmi

2!s, we
use the interpolation given by Schwinger@8#,

Ri
Schw53Qi

2v i~s!
32v i

2~s!

2 H 11CFF p

3v i
1

31v i

4

3S p

2
2

3

4p D GasJ . ~3.3!

Note, however, that Schwinger’s interpolationcannot be
used forv i→0 as it underestimatesRi by a factor of 2.

In the QCD calculations, the error labeled ‘‘Cond.’’
found by inserting the variation obtained setting quark a
gluon condensates to zero, and that labeledL by varying the
QCD parameter. Likewise, we labelmi to the error obtained
varying the massmi . If an error is not given, it will mean
that it falls below the 1025 level.

For the parameterL, we take the recent determination
@9# that correspond to the value

as~MZ
2!50.11760.003;

to be precise, we have taken~in MeV, and to four loops!

L~s<mc
2!5373680, L~mc

2<s<mb
2!5283650,

L~mb
2<s<mt

2!5199630, L~s>mt
2!5126620.

For the gluon condensate, we take^asG
2&50.07 GeV4. Fi-

nally, for the running quark masses we take

m̄s~1 GeV!50.188 GeV, m̄c~m̄c!51.44 GeV,

m̄b~m̄b!54.3 GeV, m̄t~m̄t!5174 GeV,

and, for the pole masses,

mc51.86760.20 GeV, mb55.02260.060 GeV,

mt517465 GeV.
09300
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For thec,b masses, see Refs.@10,11#; for the t quark, Ref.
@12#.

B. The regions away from quark thresholds

At the lowest-energy region, we find

21053P̂h
~0!~MZ

2;2<s<3 GeV2!

571.160.5~L!60.4~Cond.!; ~3.4!

the justification of the applicability of QCD in this range
the agreement, within errors, of the QCD calculation with t
e1e2→hadrons data, and with the more precise data com
from t→nt1hadrons; this may be seen depicted in, e.g.,
plots of the Aleph and Opal data in Ref.@3# ~more details
may be found in TY-I!.

Apart from the region 2<s<3 GeV2, we can use the per
turbative QCD formulas~3.1! and ~3.3! for the energy re-
gions s>3 GeV2 provided we stay away from heavy qua
thresholds. We will thus get, excluding theJ/c,c8 resonance
contributions~to be discussed below!,

21053P̂h
~0!~MZ

2;3<s<3.72 GeV2!5259.161.5~L!
~3.5a!

~here the contribution of the error induced by the cond
sates is already negligible!. Then,

21053P̂h
~0!~MZ

2;4.62<s<10.0862 GeV2!

5421.360.8~L!. ~3.5b!

We will separate a region aroundMZ
2, because we take th

principal vale of the integral. We have thus

21053P̂h
~0!~MZ

2;11.22<s<202 GeV2!5352.260.9,

21053P̂h
~0!
„MZ

2;202<s<~MZ23 GeV!2
…51668.960.9,

~3.5c!
21053P̂h

~0!
„MZ

2;~MZ23 GeV!2<s<~MZ13 GeV!2
…

529.260.5,

21053P̂h
~0!
„MZ

2;~Mz13 GeV!2<s<3482 GeV2
…

52794.560.7.

All the errors are due to the variation of the parameterL.
Finally,

21053P̂h
~0!~MZ

2;3602<s<4002 GeV2!524.760.3,
~3.5d!

21053P̂h
~0!~MZ

2;4002 GeV2<s→`!5220.860.1.

In particular, the total top quark contribution above thresh
(3602 GeV2<s→`) is 26.5.

We note that part of the ranges contain some of the n
row resonances~c, Y, and T families!. We will add their
2-5
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J. F. DE TROCO´ NIZ AND F. J. YNDURÁIN PHYSICAL REVIEW D 65 093002
contributions individually later on. For the whole perturb
tive QCD contributions, we have, adding Eq.~3.4! to Eq.
~3.5!,

21053P̂h
~0!~MZ

2;2 GeV2<s;pQCD!5198267.
~3.6!

Note that we have added the errorslinearly as they stem
from the same variation in the QCD parameterL.

C. The threshold regions

We will make two types of calculations. In the first, w
take experimental data~when possible, i.e., at thec̄c andb̄b
thresholds!; in the second, we take the contribution of th
resonances lying below threshold from experiment, plu
background given by the contribution of the light quar
~evaluated with perturbative QCD, as above! and use nonrel-
ativistic QCD to evaluate the contribution of the quar
whose threshold we are crossing. Of course, for thet̄ t
threshold this is all we have.

1. c̄c: JÕc,c8 and the continuum 3.72ÏsÏ4.62 GeV2

We split this into the contribution of theJ/c,c8 that we
calculate in the narrow width approximation~NWA!, and the
rest. For the first, we have

10253~69.964.5! ~J/c!,

10253~23.662.1! ~c8!.

For the remainder we have two possibilities: use
NRQCD calculation~see below! for the heavy quark, which
gives

10253@73.260.3~L!# ~uds!,

~QCD;3.72<s<4.62 GeV2!,

10253@66613~mc!# ~ c̄c! ~NRQCD!,

Sum: 10253~139613!,

Total: 10253(233614) (QCD1NRQCD).
Otherwise, we use experimental data above 3.72 GeV2:

10253~111.860.665.5! ~Exp.,BES!:

3.72<s<4.62 GeV2,

Total: 10253(205.367.4) ~Exp., BES!.
NRQCD refers to the nonrelativistic QCD calculatio

with Eq. ~3.2!; see TY-I and Ref.@7# for details of this type
of calculation. BES are the experimental data from Ref.@13#.
The first error for them is statistical, the second systema

We give a few more details on the calculation wi
NRQCD, as it is the model for the other threshold regio
The method (QCD1NRQCD) consists in separating theu,
d, s contribution; thec̄c one is then treated as follows. If
resonance is below the channel for open charm product
which is set ats54mc

2 ~with c the pole mass of thec quark!,
09300
a

a

.

.

n,

then it is considered as a bound state, and treated in
NWA. Above c̄c threshold, one uses nonrelativistic QCD
For our choice ofc quark mass, bothJ/c andc8 should be
considered to be below threshold.

The reasonable agreement, within errors, between
(QCD1NRQCD) result for thec̄c contributions in the re-
gion 3.72<s<4.62 GeV2, 10253(139613), and the result
obtained using experimental data only, 10253(11266),
gives one confidence to use the same theoretical metho
calculation for the other thresholds where the quality of
experimental data is poorer, or these data are lacking. H
ever, for thec̄c region we consider that the results based
experimental data are the best and thus write

21053P̂h
~0!~MZ

2;3.72<s<4.62 GeV2!520567.
~3.7!

2. b̄b: Y,Y8 and the continuum 10.0862ÏsÏ11.22 GeV2

For the region around theb̄b threshold, we can repeat th
calculations as above. First, we add the contribution of
resonances below theb̄b threshold that we calculate in th
NWA:

10253~5.860.2! ~Y!,

10253~2.160.1! ~Y8!.

For the continuum we find, for ab quark pole mass of@10#
mb55.02260.060 GeV,

10253@57.960.1~L!# ~udsc!,

~QCD;10.0862<s<11.22 GeV2!,

10253@8.760.6~mb!# ~ b̄b! NRQCD,

Sum: 10253~66.660.6!.

If we had estimated theb̄b contribution saturating with
the resonancesY9,...,YV, with electronic widths as given in
Ref. @14#, we would have gotten 5.261.2 instead of the
value 8.760.6 that we found with the NRQCD calculation
We choose this last as our preferred value and thus write

21053P̂h
~0!~MZ

2;10.0862<s<11.22 GeV2!57561,
~3.8!

3. t̄t threshold: T bound states and the continuum
3482ÏsÏ3602 GeV2

The bound states produce a negligible contribution;
the ground state, a second-order QCD calculation@11# gives
G(T→e1e2)512.561.5 keV and thus the contribution t

21053P̂h
(0) is of 20.11. For the threshold region,

NRQCD calculation gives, for thet quark contribution,
20.47, while theudscbone is21.41.~Note that in this cal-
culation we are neglecting electroweak interactions, so
treat thet quark as if it were stable.! All together, we find
2-6
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TABLE I. Summary of contributions toDhada52P̂h . BW1const denotes a Breit-Wigner fit, includin
the correct phase-space factors, plus a constant; note that only for the four narrow resonancesJ/c,c8,Y,Y8
do we use the NWA. The errors are uncorrelated except those for QCD calculations~that have to be added
linearly! and those for the 2p states~see text!. For details of the final-stateg1 hadrons, we refer the reade
to TY-I.

Channel Energy range Method of calculation
Contribution to
21053Dhada

p1p2 s<0.8 GeV2 Fit to e1e21t1spacelike data 307.663.6
p1p2 0.8<s<1.2 GeV2 Fit to e1e2 data 27.360.6

3p s<1.2 GeV2 BW1const fit toe1e2 data 39.561.5
2K s<1.2 GeV2 BW1const fit toe1e2 data 41.661.3

4p,5p,hpp, . . . s<1.2 GeV2 Fit to e1e2 data 2.960.7
Inclusive 1.2<s<2 GeV2 Fit to e1e2 data 53.165.3

Inclusive,uds 2<s<3.72 GeV2 Perturbative QCD 330.262.4
J/c,c8 NWA 93.565.0

Inclusive 3.72<s<4.62 GeV2 Fit to e1e2 data 111.865.5
Inclusive,udsc 4.62<s<10.0862 GeV2 Perturbative QCD 421.360.8

Y,Y8 NWA 7.960.2
b quark thresh. 10.0862<s<11.22 GeV2 Pert.1nonrelativistic QCD 66.660.6
Incl., udscb(t) 11.22<s<` ~exceptt thresh.! Perturbative QCD 1230.363.4
t quark thresh. 3482<s<3602 GeV2 Pert.1nonrelativistic QCD 22.060.1

g1hadrons Full range Various methods 8.560.9
on

tio
f

sh-
es

th
ses

a-
as
al
ve
d in

-

21053P̂h
~0!~MZ

2;t thresh.!522. ~3.9!

The error is negligible.
The total contribution of the threshold regions is thus

21053P̂h
~0!~MZ

2;c,b,t thresh’s!527867. ~3.10!

D. The lowest orderP̂h
„0…

„M Z
2
…

Adding all the contributions toP̂h
(0)(MZ

2), we get

1053Dhad
~0!a~MZ

2!521053P̂h
~0!~MZ

2!52732612,
~3.11!

or, excluding the top quark contribution,

1053Dhad
~0!a~5!~MZ

2!52739612 ~without t!. ~3.12!

IV. THE RADIATIVE CORRECTIONS, ÀP̂h
„1… ; THE FULL

ÀP̂h
„0¿1… ; āQED„M Z

2
…

A. ÀP̂h
„1…

We have next the contribution of intermediate states c
taining a photon. At low energy (s<1.2 GeV2), we evaluate
them individually, and at high energy (s>1.2 GeV2) with
the parton model. For the second we have a contribu
equal to the zero-order one~for which we take the result o
the previous section! multiplied by the factor
09300
-

n

(
f

Qf
4

(
f

Qf
2

3a

4p
.

This gives

21053P̂h
~1!~MZ ;s>1.2 GeV2!51.460.1, ~4.1!

the error depending on what one does in the quark thre
olds, especially around the narrow resonanc
(J/p,c8,Y,Y8). For the low-energy region, we repeat, wi
obvious changes, the analysis of TY-I. Only the proces
p1p2g, p0g, and hg produce effects at the 1025 level
(3.460.8, 2.960.2, and 0.860.1, respectively, in units of
1025!. The first is evaluated in the narrow width approxim
tion, or with a detailed calculation using theoretical formul
that relateppg to pp, and taking into account experiment
cuts; the details may be found in TY-I. Both methods gi
essentially the same result. The other two are evaluate
the narrow width approximation, dominated by ther
→p0g, v→p0g, andf→hg contributions. In addition, the
low energy (s,0.72 GeV2)p0g is calculated with a phe-
nomenological couplingp0gg, adjusted to reproduce the de
cay p0→gg. Again, the details are given in TY-I.

Adding all of this to Eq.~4.1!, we find

21053P̂h
~1!~MZ

2!58.560.9. ~4.2!

We summarize our results in Table I.
2-7



e

e-

e
r

ld
p
s

th
in
r

ce,
ns
-

the
et a

of
tic
he

sk

c-
the

ow-
ly,

ld
ion

ing
he
-
unt.
bu-

e

J. F. DE TROCO´ NIZ AND F. J. YNDURÁIN PHYSICAL REVIEW D 65 093002
B. The full Dhada; the QED coupling on the Z; discussion

Adding then Eq.~4.2! to the lowest-order expression, w
get the final result

1053Dhada~MZ
2!521053@P̂h

~0!~MZ
2!1P̂h

~1!~MZ
2!#

52740610, ~4.3!

or, excluding the top quark contribution,

1053Dhada
~5!~MZ

2!52747612. ~4.4!

The pure QED corrections amount to~see, e.g., Ref.@15#!

21053P̂QED~MZ
2!53149.7687. ~4.5!

Adding this to Eq.~4.3! and using Eq.~1.1!, we get the value
for the running electromagnetic coupling,

āQED~MZ
2!5

1

128.96560.017
. ~4.6!

When comparing with other determinations, we will r
strict ourselves to those performedafter the data from No-
vosibirsk@3,4# and Beijing@13# have become available; thes
experiments increase the set of data by almost one orde
magnitude, and have much better precision than the o
ones. Thus, one may consider older determinations as su
seded. So we compare our results with the determination
Refs.@15,16#. We have

1053Dhada
~5!~MZ

2!5H 2743619/2765621 ~MOR!,

2761636 ~BP!,

2790640 ~J!,
~4.7!

In the MOR determination, the two values depend on
method of calculation used. As a general rule, compar
with the results quoted above, the reason for a reduced e
bar is
.

H

te

09300
of
er
er-
of

e
g
ror

mostly due to a wider use of perturbative QCD. For instan
the analysis of MOR uses perturbative QCD in the regio
2.8<s<3.72 GeV2 ands>52 GeV2. We have used pertuba
tive QCD in the region 2<s<3.72 GeV2, justified in view
of its agreement with the precise new experimental data~as
discussed in the text!, and the regions above thec̄c and b̄b
thresholds. Here, the use of the calculations incorporating
exact effect of the quark masses has enabled us to g
precise determination for 4.62<s<52 GeV2, where the ex-
perimental data are not very precise, but~again! are perfectly
consistent with QCD.

In conclusion, we have performed a detailed evaluation
the hadronic contributions to the running electromagne
coupling, obtaining a substantially reduced error bar. T
ingredients are the following: First, we use Novosibir
(e1e2) and LEP~t! data to fit the 2p contribution. Invoking
the analyticity and unitarity properties of the pion form fa
tor allows us to include spacelike data also, improving
compatibility of thee1e2 data with the results fromt decay,
and reducing the corresponding error. Second, the l
energy 3p and 2K states have been considered individual
after the latest Novosibirsk data on thev andf resonances.
We perform a full-fledged fit, including the exact thresho
factors. Third, we have used perturbative QCD in the reg
s>2 GeV2 ~away from quark thresholds!. In particular, the
recent LEPt→nt1hadrons and BESe1e2→hadrons data
justify the QCD result for 2<s<32 GeV2, implying the
largest part of the error reduction. We also use the Beij
@13# data, thus gaining precision, for the contribution in t
energy range 3.72– 4.62 GeV2. Last but not least, the next
order radiative corrections have been taken into acco
This is essential for our calculation as the radiative contri
tion is indeed of the same order of the final error bar.
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